Both statements are correct. But () need not be square.
Theorem 1 Let {q1,qs,...,qx} be an orthonormal set. The the matriz
Q= ((11 qz - Qk)

is orthogonal and QTQ = I.
Proof: Because {qi1,q2,...,qx} is an orthonormal set, we know that

alq; =0, ifi+#j,
qiqu =1, ifi=j.

Thus,
q3
Qo= |(m a .- an)
al
alar g9iaz - qian
aGar 9Ga - qidn
alar alaq: - qla,

=1

The converse is also true.

Theorem 2 If QTQ = I, then the columns of Q form an orthonormal set.

Proof: Suppose that

QTQ=1
This is the same as saying
T
q
a3
S @ - an) =1
ar
or, equivalently,
aiar 9iq2 - qidn 1
A 9392 - 934 0 1
aidr qiqe - alds 00

Clearly, when you compare these matrices,

qjq; =0, ifi#j,

and {q1,4q2,...,dqxr} is an orthonormal set.



