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Abstract
This article proves that if the column space and row space of a matrix are 44

equal, then the left nullspace and the nullspace are also equal.
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We want to show that if C(A) = C(AT), then N(A) = N(AT). In order to prove this Page 1 of 4

we must show:

1. N(4) c N(AT)

Go Back
2. N(AT) c N(A)
If we let x € N(A) and then show that x € N(AT), it logically follows that N(A) C Full Screen
N(AT). In other words we want to show that each vector x in N(A) will also be in
N(AT).
Close

If we also let x € N(A”T) and then show that x € N(A), it follows that N(AT) C N(A).

Then we will have proven that N(A) = N(AT). Quit


darnold
How about a different title? Maybe

\section{How to Prove Two Sets Equal}


Show: N(A) c N(AT)

Ay be some linear combination of the columns of A and let ATy be some lin-
=={ combination of the rows of A (columns of AT). Since C(A) = C(AT), there is a y*
such that Ay = Ay*.

@ XN x"(Ay) =x"(ATy*)

=(x"AT)y*
=(Ax)Ty* (1)
=0
'h column in A is (no surprise) a linear combination of the columns of A. For example
Z first column in A is equal to 1 X column 1 of itself.

xT A =xT [al ax as . n]
1Z)o o ...30}@1 @

Because xT A = @
(XTA)T _ OT
ATxT =0 (3)
ATx =0

Therefore x € N(AT).

Since we let x € N(A) to begin with, we have prove

N(AT) ¢ N(A)@
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darnold
The proof really starts here.

darnold
The proof really starts with the next paragraph, so I would make this paragraph have an introductory flavor. The point to make is that Ay is a linear combination of the columns of A.  So, perhaps this phrasing would be good (others may have better suggestions).

"It is important to note that Ay is a linear combination of the columns of A. Equally important is the fact that A^T y is a linear combination of the columns of A^T (rows of A). Since C(A)=C(A^T), that is, since the column spaces of A and A^T are equal, for each y there is a y* such that Ay=Ay*."

darnold
Now, here I would emphasize what (1) means.

"This result indicates that if we multiply x^T times any linear combination of the columns of A, the result is the zero vector."

darnold
You may be more clear if you insert the line:

[x^T a_1  x^T a_2  ...  x^T a_2]



darnold
The a_i's are vectors. They should be in the same bold font you use above for x and y. I find it easiest to define a macro in the preamble.

\def\vec#1{\mathbf{#1}}

Then I can type 

&=\vec x^T[ \vec a_1\ \vec a_2\ \dots\ \vec a_n]\\

etc.

darnold
Tell your readers that you are taking the transpose of both sides of the equation x^T A=0.

darnold
proven that

remove colon

darnold
.

Put a period here.


Now we must show that the opposite is true.

Let x € N(AT)

N(A) c N(AT)

XT(ATy) _ xT(Ay*)

= (x"A)y*
— (A7x)"y*
=0

Using the same reasoning as in Part 1:

Now because xT AT = 0@

az
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darnold
The rows of A^T are the transpose of the columns of A. Thus, this matrix should be:

\begin{pmatrix}
\vec a_1^T\\
\vec a_2^T\\
\vdots\\
\vec a_n^T
\end{pmatrix}


darnold
Use \vdots here

darnold
Again, tell your readers that you are taking the transpose of each side of the equation. Watch you punctuation when you are writing. End sentences with periods. Put comma where needed, even if they are needed in displays.
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Therefore x € N(A) Part 1
Part 2

Since we let x € N(AT) to begin with, then we have proven: .
Conclusion

N(4) € N(AT)

Home Page
Since we have proven N(AT) c N(A) and N(A) C N(AT) we can now say that:

Title Page

N(A) = N(AT)

In simpler terms, because every element of N(AT) is in N(A), and every element of <«
N(A) is in N(AT), these spaces must be equal. @)buse.
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darnold
Take out the applause. This paper is too good to make jokes.

darnold
I guess it's all right to be a little humorous. You've earned it with a long day's work. Still, be careful....
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